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Abstract 



Given an arrangement of hyperplanes in P n , possibly with non-normal crossings, 
we give a vanishing lemma for the cohomology of the sheaf of g-forms with loga- 
rithmic poles along our arrangement. We give a basis for the ideal J of relations 
for the Orlik-Solomon's algebra. Under certain genericity conditions it was shown 
by H. Esnault, V. Schechtman and E. Viehweg that the cohomology of a local sys- 
tem is given by the Aomoto complex. We generalize this result to a deformation 
of local systems obtained via a deformation of our arrangement. We calculate the 
GauB-Manin connection for this case. We give a basis for the GauB-Manin bundle 
for which, with help of the basis for J , we give then a method to calculate a repre- 
sentation of this connection. From here, with the results of K-T. Chen or P. Deligne, 
one can calculate the monodromy representation. This gives a generalization of the 
hypergeometric functions. 



Introduction 

Let {Hi} ie i be a collection of different hyperplanes in P n , let U = P n \ {Hi} ie j and 
let X be a smooth compactification of U in such a way that the divisor D = X\U has 
normal crossings. Let u be a holomorphic gl(n, £7)-valued 1-form with logarithmic 
poles along D. One can define a holomorphic connection V on Oy ® C n as 



V = df + fuj. 



On % <g> C r one defines V by V(a <g> v) = da <g> v + (-l) p aV(v). If du - to A u = 
then V 2 = and one says that the connection is integrable. Let V be the rank r 
system of flat sections of (Oy, V), i.e. V is the kernel of V which locally analytically 
is isomorphic to C r . 

In this paper we attempt to describe the monodromy of hypergeometric func- 
tions arising as solutions of ordinary differential equations with regular singularities 
along an arrangement of hyperplanes in the projective space. As it is well known, 
from Riemann's integral representation formula one can express the hypergeometric 
system of differential equations as a direct image (as a variation of cohomology) of a 
rank one system, see [S, Theorem 2] and [M, Proposition in p. 373]. We consider a 
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deformation of rank one systems on the complemet of a configuration in P ra and ob- 
tain this generalization of the hypergeometric function. We use the following results 
on rank one systems. 

Consider a collection of different hyperplanes in P n as before. Let u be a global 
holomorphic differential form over U = P n \ {Hi} i( zj such that it has logarithmic 
poles along a divisor D. As before, this form induces an integral connection V on 
Ox which as flat section gives a rank 1 local system. Deligne proved in [Dl] that 
if one takes uo in such a way that it has no positive integers as residues then the 
cohomology of the local system of flat sections of V is given by the cohomology of the 
de Rham complex induced by V. Moreover, if we suppose that u has no integers as 
residues, Esnault, Schechtman and Viehweg showed in [ESV] that the cohomology of 
the local system is given by the Aomoto complex which is the subcomplex of global 
sections of the de Rham complex. Under the same genericity conditions, Esnault 
and Viehweg proved in [EV] that the cohomology of V is concentrated in the n-th 
term. Actually all these results are not only given for higher rank systems. 

To describe the monodromy we use the previous results and consider deforma- 
tions of local systems. We take a connection over a rank one bundle with logarithmic 
poles along A, as before, and make deformation of this connection in such a way 
that all the residues remain constant. For this we consider a topologically trivial 
deformation of the arrangement A = ^2 ieI Hi C P n . This deformation is given 
by moving one hyperplane and leaving the other ones fixed in such a way that we 
don't get new non-normal crossings. Let if; with io e / be such hyperplane. We 
then have a family of arrangements parametrized by the complement of the discrim- 
inant of the arrangement A' = Uiei\i Hi which is given by our original arrangement 
without the hyperplane that we want to move. We obtain a relative connection on 
our family of arrangements. We show that one can extend this connection to an 
absolute connection V. In this way, and it is the deciding point, one can construct 
the GauB-Manin connection. This connection is defined on the GauB-Manin bundle 
which is defined as the relative de Rham cohomology sheaves and has as flat section 
the direct images of the absolute local system on the family. Theorem |4.2| is a gen- 
eralization of the results obtained by Esnault, Schechtman, Viehweg concerning the 
cohomology of the family. They imply that the GauB-Manin bundle is generated 
by global sections. One can then, in an standard way, calculate a representation 
of the GauB-Manin connection. In the general case, to calculate the monodromy, 
one can use the ideas of K-T. Chen of iterated integrals to calculate the solutions of 
our system of differential equations but in Example I we rather prefer to use other 
results on differential equations, see [Dl, II. 5. 6]. 

In the first section we give a vanishing lemma for the cohomology of differential 
forms with logarithmic poles along our arrangement. We will use this lemma to show 
that the cohomology of the local system is given by the Aomoto complex. The second 
section is devoted to give a description of the GauB-Manin connection. We consider 
a family of arrangements parametrized by the complement of the discriminant of 
an arrangement in P n . Given a relative connection we construct the GauB-Manin 
connection with logarithmic poles along the divisor obtained from a desingularization 
of the divisor Discr(A) C P n . 
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In the third section contains several results concerning some aspects of the com- 
binatorics for the theory of hyperplane arrangements. We present two important 
results. The first one due to Bjorner, see [Bj], where he gives a base for the co- 
homology with constant coefficients on the complement of an arrangement. By a 
result of Deligne [D2] this cohomology is equal to the cohomology of the sheaf of 
g-differential forms with poles along an arrangement. The second result is a basis 
for the ideal of relations J for the Orlik-Solomon's Algebra. 

In section 4 we have the principal results. We show in Theorem 4.2 that for 



non normal crossing case the cohomology of the relative local system is also given 
by the Aomoto relative complex. From here one can give a representation of the 
GauB-Manin connection. In section 5 and 6 we give some examples. We construct 
the GauB-Manin connection for the following arrangement: 




Fig. a 



This example is of particular interest because as discriminant one obtains the "Ceva" 
configuration which has been deeply studied in [BHH] for the construction of Ball 
quotient surfaces. The second example is an example in which the arrangement 
chosen has non-normal crossings. 

I am very grateful to H. Esnault for her help and encouragement during the 
research and preparation of this paper. I would also like to thank E. Viehweg 
for his help and useful suggestions, in particular during the preparation of the first 
section. I wish express my gratitude to R. Hain, S. Muller-Stach and to V. Welker for 



the useful discussions and suggestions, in particular Proposition |3.13| was obtained 
together with V. Welker. 



1 Some Vanishing Theorems 

Let {Hi} i( zi be a family of distinct hyperplanes in P n , H = Hi the associated 
effective divisor and U = P n \ H be the complementary affine open set. We have 
the following definition given in [ESV, Definition (Bad)]. 



Definition 1.1 a) Given a linear subspace L C P n let 

h = {iel\Ld Hi}. 
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b) We define the set 



Cj(H) = {LcF n linear | dimL = j and 
L = n ielL \ { i }Hi for every i e h} 

for0<j<n-2. Let 

C{H) = UgjC s (H). 

The loci where H has non-normal crossings are exactly the linear subspaces con- 
tained in C(H). When there is no possible confusion about the divisors we will write 
only C Let X be the variety obtained by considering successive blow ups along the 
elements of C in the following way. 
Let 7r( r ) = T\ o ... o r r 

X r X r _! ^4 . . . — > X 1 P n (1) 

where is the blow up of X^i along the proper transform T^i under tt^ 1 ^ of the 
elements of As shown in [ESV, Claim], Tj_i is the disjoint union of closed 

nonsingular subschemes. Writing X = P n and X = X n _ x let us set for r < n — 1 

7T( r ) = r r+ i o ... o r n _i : X = X„_i — > X r 

and 

7T = 7T(o) — 7T 1 . 

The variety X is nonsingular and ix will be called a standard resolution of H . 

Lemma 1.2 Let I' C I and let us consider the divisor H' = Ylier ^i- Let 

n f : X' — > P n be the standard resolution of H' . Then there exists a morphism 

7 : X — > X' such that 

x x' 

7T\ /tt' 
pn 

commutes. 



Proof: Let C'j be the bad strata of dimension j of H' and let £ = VJ r fZ^C'y 
Note that C'j C Cj. Let rj : Xj — > Xj_ x be the j-th blow up of if' and let 
tt'CO _ r ^ T ' ^he p roo f follows by induction over the dimension of the bad 
loci. □ 



We have two special cases in which we would like to apply the previous lemma, 
a) Let L G Cj and I' = I L , i.e., 

/' = h = {i e I\L C Hi} 
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so we have the commutative diagram 

X 

where we write Xl = X' and til = it' ■ In this case the exceptional divisor El = 
7r*(L) is a P n- -7' -1 bundle over L for which on every fiber, the proper transform of 
H L = U ie i L Hi gives a configuration T = J2iei L r * c P™^ 1 - 

On the other hand, for L G Cj we have a configuration in L = P J given by 

b) For any i G / let /' = I\{«o} then we have 

X -U X' 

7T \ / 7T' ■ 

pn 

Claim 1.3 Let if = Hi as before, n : X — > P n t/ie standard resolution and 
D = 7i* (H). Let w : Z — > P n fre an?/ other resolution for which there exists a 
morphism 7 : Z — > X with n o 7 = w. If B = ^*{D), then for u > and for all 
p, q > we have 

H*(Z,W z (logB)®>y*ir*(0(v))) = 
# p (X, 7 ^|(log5) <8>7r*(0(i/))) = # p (X,^(lo gj D) ® tt*(C(z/))). 

Proof: By [EV, Lemma 3.22] we know that for p > i? p 7*fi|(log 5) = and that 
7*fi|(log5) — ^x(l°g-D)- Applying the projection formula we have 

B?7*(n 9 z (logB) ®7*tt*C(z/)) = i? P 7^|(lo gj B) <g> tt*C(z/) = for p > 0. 

We can now apply the Leray spectral sequence to obtain the first equality. The 
second equality is clear, since both sheaves are isomorphic. □ 

Considering H = Hi as before and n : X — > P n the standard resolution 
along H, we have the following lemma. 

Lemma 1.4 Let H = ^2 ieI Hi be a non trivial configuration of hyperplanes in P n ; 
7r : X — > P n a standard resolution and D = n*(H) be the reduced pull back divisor 
of H then, for p > 0, v > 0, we have 

H p (X,n g x (\ogD)®7r*O wn (v)) = 0. 
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Proof: The proof will be by double induction over the number of hyperplanes 
and over v. Let H — Hi. We will consider first the case when v — 0. 
As for k > we know that 

H k {A n ,C) = 0, 

by the degeneration of the Hodge to de Rham spectral sequence, see [D2, Corol- 
lary 3.2.13], we have that for p + q > 

H p (F n ,Q q {\ogH 1 )) =0. 

In this case one can argue by considering the long exact sequence of cohomology 
associated to the short exact sequence 

o — > n«„ — ► n« n (iog#i) ® Cp« — ► — > o. (2) 

The connecting morphism for the long exact sequence of cohomology obtained from 
(0) is an isomorphism. As 

rrP(ipn on _ / for q ^ p 
a \r ,iZp n ; - j c for g = p 

we have the result. 

For the case where v > we tensor the sequence (0) by 0p»(i/) to obtain the 
sequence 

— > ft« n (z/) — > ^„ (log fli) (8) (z/) — > fij^ {y) — > 0. (3) 
By Bott's formula, see [OSS, p. 8], we have that for v > and p > 

iP(P r ,^») = 0. 

Thus from (^|) we have 

# p (P n ,n!n(tog#i)®0 P »(z/)) = for p>0 

which proves the lemma for the case when | / |= 1. 

Let I' C / be a proper subset. As induction hypothesis we can assume that for 

H p (X',tt q x ,(logD')®n'*0 F n(v)) = 

where ir' : X' — ► P n is the standard resolution of H' = J2m> H i and D' = tt'*(H'). 
Let z'o G / fixed and I' = I \ {io}, by Lemma |L~^.(a) we have the morphism 

7 : A — > A' 

such that, for 7r : A — > F n the standard resolution of H, the following diagram 

A — ^ A' 

7T\ /7T' 
pn 
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(5) 



is commutative. Let D = 7f*(H) be the pull back of H under it, D' = tt'*(H') the 
pull back of H' under 7r' and D" = 7*/}' the pull back of D' under 7 all taken to be 
reduced. Let D io = D — D" which is equal to the proper transform of H io under n. 
We have from [EV, 2.3.b] the following exact sequence 

— ^(log 7 *(L>')) — &xQogD) — ^(log^i/) \d H) ) — 0. (4) 

Tensoring with tt*0(i/) gives 

— > Q q x {logD") ® tt*C(z/) — > 

n q x (\0gD) <g> 7T*0(U) — > fi^flogD" | A J ® 7T*0(z/) — > 0. 

Applying Claim |1.3| , by induction on the dimension 

iF(Z^,l^(logD" | Aq ) ® (vr | Ao )*0(z/)) = 0. 

In fact, D io is a resolution of a configuration in P n_1 = H io . It is easy to see, that 
D io is the standard resolution for this configuration, but by Claim [L.3| , this is not 
necessary for the vanishing. 

On the other hand, again by projection formula and Claim L3 we have 

H p (X,n q x (logD") ®<K*0 ¥ n{v)) = H p {X',n x ,{\ogD')®Tr'*0 ¥ n{v)). (6) 

By our induction hypothesis on the number of hyperplanes both groups are zero, 
for p > 0. From the long exact sequence of cohomology obtained from (|5]) we have 

H p (X,n q x (\ogD)®Oyn(u)) = for p > 0. 

□ 



As an interesting application of this lemma we have: 

Corollary 1.5 Let H = ^2 ieI Hi and it : X — > P n as in Lemma for p > we 
have 

R p n*(n x (\ogD)) = (7) 

Proof: As Q x (logD) is coherent, by being locally free, and as it is proper, we 
have that R Pi K*(Q q x (logD) ® 7r*0(i/)) is coherent, see [Ha, Theorem III 8.8]. From 
Serre's Vanishing Theorem, there exist Uo such that for every v > vq 

H p (F n ,R j ir*(fL x {logD)®ir*0{v))) = (8) 

for p > 0. By the Leray spectral sequence we then have 

H°{F n ,R j ir*{n q x {logD) ® 7T*0(i/))) = H j {X,n x {logD)®ir*0{v)). (9) 
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On the other hand, as the sheaf 0{y) is ample, there exists v\ such that for 
every v > max{z/ , z/i} we have that BP ir*(fl, q x (log D)) (g) 0{y) is generated by 
global sections. By Lemma [II] H P (X, VL q x (\ogD) ® 0(v)) = 0. This implies, 
via (|9|), that BP tt^^Q^ (log Dj) (g) it*0{y) has no global sections, which means that 
i?%*(f2^(log.D)) must be zero. □ 



Let v = 0. Let be the projective defining equation for Hi. We fix H ioo with 
ioo G J as the hyperplane at infinity and we will denote it by H^. Let = Zi/ z ioo 
and let lUj = cflogXj be the differential form with a logarithmic pole along Hi with 
residue 1 and a logarithmic pole along Hoc with residue —1. Let uj G H°(U, fi^) be 
given as 

a> = oti^i (10) 

«G/\{i 00 } 

with ctj G C. Then has a logarithmic pole along H^ with residue = 
— ^ = 7r * c ° 1 ' wnere 77 : X — ► P n is the standard resolution of 

H and let°£> = n*(H). As H°(U,%) injects into H°(X, ^(logTr -1 ^))), we still 
denote ir*0Ji again by u>i. The form to defines a connection d+oj on the rcmfc 1 bundle 
O which, as du = 0, is integrable, i.e. it has zero curvature. Let U = X \ D and 
j : [7 — > X the inclusion. Let be the de Rham complex with the differential 
V = d + uj. We have a local constant system V over U given as V — fcer(V). If 
for every i & I and for every Z G £, the residues aij and J^ eJ a« are not positive 
integers, then the cohomology of the local system V is then given by 

H*(U, V) = W(X, Bj*V) = W(X, Q x (log(D)), V) 

where V = 7r*V, see [Dl, II. 6]. Moreover, by Lemma |T~3|, see [Dl, II. 6] too, we have 



that 

W{X, ^(log(D)), V) = H*{H°(X, fi^(logp)), /to)) 

where H P (H°(X, f2^(log(-D)), Aa>)) is the p-homology of the complex of vector spaces 
H°(X, Q x (log(D)), Auj). 

Let A p = H°(X, Q x (log(D))). The exterior product by induces the complex 
of vector spaces 

— > A A 1 A 2 . . . A n — 0. (11) 

This complex appeared for the first time in [A] and will play a central role in the 
following sections. 

Theorem 1.6 (EV1, 1.5 and 1.7) Under the hypothesis of Lemma let uj = 
12iei\{io} a i u i e H°(U,Qlj) and V = ker(d + uj) be a local system. If a, G" Z for 
every j'gI and i//or even/ L G £ ^2 ie j ai & ^ ^ en » / or ^ a ffi ne > we have that 

H p (A, i#,V) = IP(X, j,y) = for p^n. 
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Corollary 1.7 Under the hypothesis of Theorem [O one has: 

1) H p (A',Au) = H p (U,V) 

2) The complex (A*,Au) is exact, except in degree n. 
Let T p C A p be given as 

i=l 

where, as above, cjj is the pull back of the logarithmic differential form u^. 

We have the following result due to Brieskorn, see [B, Lemma 5]. As we later, 
in Section 4, apply a similar method we give a proof here. 

Claim 1.8 The set T p generates A p as a C vector space. 

Proof: As in Lemma |1.4j the proof will be by induction on |/|. For |/| = 1 we 
only have one hyperplane, namely the one at infinity so T p = 0. On the other hand, 
from (Q) we have that 

F (P-,^„(log(i/ oo ))) = 

for p > 0. 

Let |/| > 1. For I'c/a proper not empty subset, we can assume that ioo G I' 
otherwise we can choose another hyperplane as the one at infinity. Let 

A' P = H°(X,n p x (\o gl *(D')),Au;') 

where n 1 : X' — > F n is the standard resolution of H' = J2 ie r H h D' = ir'*{H') and 
7 : X — > X' is the morphism given by Lemma |1.2j .(a) • Let T' P = {/\ p Wj. | ij G 
I 1 \ {^oo}}- As inductions hypothesis we assume that the claim holds true for any 
proper subset I' C /. We fix i G / with i ^ and let I f = I \ {i } . From ([J) we 
have the following exact sequence 

— ► H°(X,n p x (lo gl *(D'))) — ► H%X,Q p x (\og(D))) 

(12) 

^ H°(D lo ,Q^(\og(D')\ Dio )) ^0. 
The left map in ( |T2"D is given by the natural inclusion and the right one is given 

as 

{0 if ij 7^ i for 1 < j < p 

A ... A A ... A uj iq \ Dio if ij = i for 1 < j < p 

(13) 

By induction on the dimension the restriction of this map to A'" A Ui Q is sur- 
jective and one obtains 

A p = A' P +A' P ~ 1 Au l0 . (14) 
Induction on |/| implies the claim. □ 
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Remark 1.9 The sum ( fO ) is a direct sum for the case when I n Hi ^ I for every 
I G C, i.e. when H io does not contain "bad loci". 



Proof: The result follows directly from |3.13| . □ 



2 The Gaufi-Manin Connection 

Let A be an arrangement of m = n + r + 1 hyperplanes in P n which does not 
necessarily have normal crossings. We fix once and for all an order "<" on the 
set of hyperplanes such that {Ho, ...,H n }, the first n + 1 hyperplanes, are linearly 
independent. Let (z ,...,z n ) be homogeneous coordinates for P n . We choose the 
coordinates in such a way that Zi is a homogeneous defining equation of Hi for 
2 = 0, ...,n. We have that 



(J = n + 1, ...,m). 



We denote by P n the projective space dual to P n . As every point p G P" 
represents a hyperplane H p C P n we can now consider the locus in P n defined as 
the set p 6 P" such that the configuration A U H p C P n has more non-normal 
crossings than A. This set is known as the discriminant of A, it forms a divisor in 
P n and will be denoted by Discr(A). Let S = P n \ Discr(A). The discriminant 
is not necessarily a normal crossings divisor even though if A was one. 

Let {ho, h n } be homogeneous coordinates of P n dual to (z , z n ) and let 
5 V be the homogeneous coordinate ring ofP n . We can identify S v with the set of 
homogeneous polynomials in the h^s. Let J e M m+ i in+ i(5 v ) be given by 



J 



1 . 


. 


. 


. 1 


■Vo • 








h • 


■ K 



(15) 



From J one can write the discriminant of A as the union of the zero set of 
all non trivial (n + l)-minors that contain the row {ho, h n }. The fact that the 
arrangement can have non-normal crossings means that some of the n + 1 minors of 
the matrix J' can be zero. 

Let us consider now a family of arrangements in P n given by the projection 



7T : P n x P n 



P n 
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The fiber of 7r on p = (ho, h n ) G P n represents again the arrangement A plus 
a hyperplane that moves smoothly when we move smoothly on P nV . The extra 
hyperplane is defined by the fibers of A = {(ho, ---hn) x (z , ...,z n ) G P nV xP n | Zh ■ = 
YT^oKzi = 0}. We have a divisor in P nV xP n given as [P" V xA]UAU[Discr(A) xP"]. 
This divisor does not have normal crossings. We will denote this divisor by D. 
Let 

g : S > P nV 

be a blow up along the elements of C(Discr(A)) as shown in section ffl. Let X = 
5xP" and D' = (g x idfn)^ 1 D. Let p : X — > X be a blow up, again as shown in 
section [l|, along the elements of C(D') and let D = p*D', such that D has normal 
crossings. We have the following diagram 

X 

Pi \ 

X — > P nV xF n ^ P n ( 16 ) 

§ _£_> p" v . 

We denote the morphism X — X — > S again by tt. Let Q l ^.,^(\ogD) be the 

coherent sheaf of (9^-modules of relative z-forms of X over S with logarithmic poles 
along D. 

We fix once and for all the hyperplane Ho as the hyperplane at infinity. For 
1 < i < m let Ui = d re iXi/xi, with Xi = Zi/zo, be the differential form holomorphic 
on U = F n \A with a logarithmic pole along Hi with 1 as residue, and a logarithmic 
pole along H with residue —1. Let Ui = a*Tr'*uJi. Let U = P" x P n \ D and let 
u s = d re ix s /x s be the differential form holomorphic on U where x s := 1 + Y17=i 
with li = hi/ ho, Xi = Zi/zo and where the differential d re \ is the relative differential, 
i.e. d re i\ n _ 1 Q s = 0. The differential form uo s has then a logarithmic pole along A 
with residue 1, and a logarithmic pole with residue —1 along z = 0. 

Remark 2.1 The absolute differential form u s = dx s /x s has also a logarithmic pole 
along ho = with residue —1. 



Notation 2.2 Let H and H' two hyperplanes in P™ with Zq and z' as homogeneous 
defining equations. We take H as the hyperplane at infinity. Let x' = z' / z be the 
affine defining equation of the hyperplane induced by H' on the affine space P n \H . 
We denote by [^p-] or by — ^] the global differential form, holomorphic on 
If = W n \H' H Ho, with a logarithmic pole along H' with residue 1 and a logarithmic 
pole along H with residue —1. 

Let lu G H°(U, ill ) be given by 

m 

io = ^aiUi + a h u s . 

8=1 
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The pull back a*uo induces the differential form oo G H°(X, Q 1 ^. -(logD)). This form 

has residue Oj along the pole Hi, ah as residue along A and ^2 ieI cii as residue along 
the exceptional divisor e L = er _1 (L) for L e C{D) . 

We consider the operator V = d re i + Co. As d re iCo = we have a logarithmic 
de Rham complex 

o — o x — > ni /5 (io g D) — . . . — n£ /S (io g £) — o. (17) 

The ker{V : — >■ Q^.^(log£>)) defines a relative local constant system V re i 

over the complement of D in X relative to S. 

Let H l DR (X/S, D, V) be the i-th de Rham cohomology of X relative to £ with 
respect to V. This is the sheaf of 0$ modules 

Hdr{X/S, D, V) = RV*(Q^(logL>), V) 

where RV*fi*^(log.D) are the hyperderived functors of the functor R ^. Under 
the assumptions that all the residues of to are not positive integers, we have, see [Dl, 
II. 6], that these are the sheaves of cohomology groups of the relative local system 

Vrel- 

As 7r : X — > S we have the following exact sequence 
— ► ir*n 1 § (\og(g*Discr(A))) — > ^(log D) — > ^^(log D) — ► 0. (18) 

One can extend the differential on the relative complex by taking Cl e 
H°(X, f^~(log.D)) as c*(X^i a i~!r + a /i~f^) where again Xi and x s are as before and 
where d is the absolute differential. We define V = d+Cl. As dfl = we have V 2 = 0. 
This defines the complex (Q^(log£>), V). Let V = fcer(V : 0^ — ► Q^(log£>)). 

Filtering the complex (fi^. (log-D), V) by 

. . . F m c F i C . . . C F° = Q^(log£>) 

where 

F* = 7r*tr § (\og(Q*Discr(A))) A ^(logD) 

we can construct a spectral sequence abutting to R'7r»(fi^(logD)). The terms 
are equal to Jl|(log g*(Discr (A))) ®£>s R 6ff *(^/sQ°g )) anc ^ ^ e differential 

di : ^ — > ^ a+1 ' 6 (19) 

has bidegree (1,0). 

From the filtration we have 



pi pO pO 
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This is just the exact sequence of complexes 



— ► 7v*nl(\ogg*(Discr(A)) <g> fi^logD) 

(20) 

* 7r*Q|(log e *£)iscr(^))AnV-^(logD) > X/S^ g ' * 

The differential (ffDJ) , for the case when a = 0, is the connecting morphism for the 
long exact sequence of cohomology obtained from (p0|). Using projection formula, 
with local calculation one can show that it has the Leibniz properties of a connection. 
It is called the GauB-Manin connection, see [K,4.6]. We will still denote it by V. 

For the integrability of the GauB-Manin connection we have the following dia- 
gram. 



T T T 

— ► F7F 2 — ► F°/F 2 — ► F°/F 1 — > 

T T II 

— ► FVF 3 — ► F°/F 3 — ► F°/F 1 — ► (21) 

T T 

F 2 /F 3 = F 2 /F 3 

T T 


The curvature is then given by the map 

V 2 : R*7r*(F°/F 1 ) — > R a+2 7r,(F 2 /F 3 ). 

For an element a G R a 7r ! „(F /F 1 ), the connecting morphism of the middle horizontal 
exact sequence in ( pl|) gives us an element in R a+1 7r*(F 1 /F 3 ). From the left vertical 
exact sequence in (pi]) one has the integrability of the GauB-Manin connection. 

Proposition 2.3 For it and u as above we have that 

(i) H l DR {X /S, -D, V) has an integrable connection. 

(ii) Under the assumptions that the residues ofu are not integers then RV*(?7, V) 
is a local system equal to RV*(0^ ,^(logi^), V) where V is the local system of flat 

sections of V. 



3 Some Combinatorics 

Let A be an arrangement of m = n + r hyperplanes in the afhne space C n . 

Definition 3.1 Let L = L(A) be the set of all non-empty intersections C\^iHi ^ 
of elements of A. We assume C n G L(A) as the intersection over the empty set, i.e. 
7 = 0. 
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One has a partial order on the elements of L given by reverse inclusion: 
X r< Y, for X, Y G L if and only if 7 C 1. Let X, F G L be such that X -< y. 
A chain from X to F is a set {Zo, . . . , Z n } C L such that X = Zq ~< Z\ ~< . . . ~< 
Z n = Y. We say then, that this chain has length n. A chain is maximal if for every 
i G {0, . . . , n — 1} there does not exist W <E L such that Zi -<W < Z i+ i. 

We have two binary operations on the elements of L, namely the meet defined 
as X A y = H{Z G L\X UY C Z} and the jom defined asXvy = Xny when 
X R y 7^ 0. We have a ranfc function given as rank(X) = codimX for lei. For 
the case when XV7 exists, this function satisfies 

rank(X AY) + rank(X V7)< rank(X) + rank(Y). (22) 

Lemma 3.2 //X, Y £ L and X -< Y, then any maximal chain from X to Y has 
the same length and one says that L satisfies the Jordan-Dedekind chain condition. 

Proof: The lemma follows from seeing that the length of any maximal chain is 
equal to rank(Y) — rank(X). □ 



Definition 3.3 Given X,Y G L such that X <Y we define the closed interval as 
[X, y] = {Z G L | X ^ Z ^ y}. One can define the open interval by taking strict 
inequalities. For X G L we say it is maximal (resp. minimal j if there does not 
exist Y G L such that X -< Y (resp. Y -< X) . 

A partially ordered set L has the structure of a lattice if the two operations "A" 
and "V" exist for every pair of elements in L. A lattice is called geometric if there 
is a rank function rank : L — > N satisfying (|22|). If L is a partially ordered set for 
which only X AY exists for all X, Y G L then L is called semi-lattice. 

One can see that L(A) has the structure of a geometric semi-lattice and is called 
the intersection semi-lattice of the arrangement A. 

If A is central, (i.e. n H& ^H ^ 0) then the "join" of any two elements exists and 
L(A) has a unique maximal element. We have then that L(A) has the structure of 
a geometric lattice. 

From a n-dimensional non-central arrangement one can construct a (n + 1)- 
dimensional central arrangement. This process is know as the coning process and is 
given as follows: 

Let fi G C[xi,...,x n ) the defining equation for the hyperplane Hi G A with A 
non-central. Let Fi G C[z , . . . , z ] be the homogenized polynomial of /j obtained by 
substituting Xj = ZjJ z in fi and multiplying by z . Let F = z . We define the cone 
over A as the (n + l)-dimensional arrangement cA = \Jf =0 Hi where Hi = ker(Fi). 

As the arrangement cA is central, the inequality (|22|) is always satisfied. Ele- 
ments I G -^(^4) of codimension n — r (resp. dimension r) give rise to elements of 
codimension (n+1) — r (resp. dimension r) of L(cA). We have that |c.A| = \ A\ + 1. 

The deconing process is then given as the inverse process of the coning process. 
Let A = UifzjHi be a central arrangement. We fix a hyperplane Hq as the hyperplane 
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at infinity. Let Fi G C[z , . . . , z n ] be the homogeneous defining equations for Hi. 
We can choose the set of coordinates such that H is given by z = 0. Let then 
A' be the affine arrangement given by the hyperplanes Hi with defining equation 
fi G C[xi, ...,x n ] such that fi = Fi/zo and where Xi = Zi/zQ. 

With this method one can translate the definitions and results from central 
arrangement to non-central arrangements and back. 

Definition 3.4 Let L n _ r = U = {Z G L \ rank(Z) =r}. We have that L° = C n , 
L n _i = L 1 is the set of hyperplanes of our arrangement and L is a set of points in 
{C n }. 

Lemma 3.5 Maximal elements of L(A) have the same rank. 

Proof: See [OT, lemma 2.4] □ 



We have the following definition. 

Definition 3.6 We define rank of L = L(A) as the rank of any maximal element. 

Let "<" be an arbitrary but fixed linear order for the elements of A, i.e. we 
fix a linear order for the elements of L l . Let E\ be the complex vector space freely 
generated by elements {e H : H E A} and let £ be its exterior algebra. For S C A 
we denote the element /\h&s^h by es respecting the order chosen. A subset S C A 
is said to be dependent if there exists H Q G A such that r\Hes\{H }H = Hh^sH. We 
have the morphism 

d:£ — >£ 

where for e (Hl> ... >Hp) G £ p is given as de {Hu ... tHp) = Y. P i=i(- 1 Y e i A ••• A A ••• A e v lt 
is a morphism of algebras and it is easy to see that d 2 = 0. Let J be the graded 
ideal of £ generated by des with S G A dependent. The quotient £/ J is a graded 
algebra known as the Orlik-Solomon algebra and appeared for the first time in [OS], 
see [OT] too. From [OS, Theorem 5.2] we have the isomorphism 

E/J — H*(U,C) (23) 

with U = C n \A. 

For the intersection semi-lattice L(A) we have the following definition of a neat 
base-family which we will denote as Nbf. As before we denote by the minimal 
element of our semi-lattice L. 

Definition 3.7 (i) Ifrk(L) = 1, then {H G L \ H maximal} is a Nbf. 

(ii) We assume the existence of Nbf for lattices of rank< (n — 1) and suppose 
that rk(L) = n. For every p G L n , an upper bound of L, chose a fixed H p G L 1 . For 
every I G L"" 1 such that H ^ I -< p let B/ be a Nbf for the lattice [0, 1]. We define 

B = U peL n{5 U {H p }/B G U H2$J B,} 

is a Nbf for L. 
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This definition was first made by A. Bjorner for the case when L is a lattice. 
With respect to his definition the neat base family defined above is the union of the 
neat base families of the lattices [0,/] with I G L(A) maximal, see [Bj, Section 3]. 

Given a subset S C L 1 of points in a semi-lattice we have that rank(V h&sH) < 
| S |. We have the following definition, see [OT, definition 3.2]. 



Definition 3.8 For S C L 1 , with L 1 as in definition \3.J^ we say that S is inde- 
pendent if when \/h^sH exists rank(\/ h&sH) =| S \ otherwise we say that S is 
dependent. 

This notion of dependence is compatible with the one above. 

Definition 3.9 Maximal independent subsets will be called bases and the minimal 
dependent sets will be called circuits. 

We will denote the set of independent elements of L by 1(A) and the set of 
circuits by C(A). In our case, one can easily see that, for C as in Definition |TTT| , we 
have that I G C if and only if the set {H G I{\ contains a circuit. 

Definition 3.10 Let C C L 1 be a circuit and p G L 1 the least element of C . Then 
we say that C— {p} is a broken circuit. For a broken circuit C C L 1 let princ(C) G 
L 1 be such that C U {princ(C)} is a circuit and is the smallest element with this 
property. The family of sets which do not contain a broken circuit will be called 
non broken circuits; we will call them nbc-elements. A maximal nbc-element will 
be called an nbc-base. 

We have the next proposition due to A. Bjorner, see [Bj, Proposition 3.8] 

Proposition 3.11 Let L be a geometric semi-lattice of rank r and a linear 
order of the elements of L l . Then the collection nbc-bases are an Nbf for L. 

Let Xi be the defining equation for the hyperplane Hi G A and let 

A p ={A%^ K-Gl,...,m}. 

One can obtain a basis for A n and A n ~ x by following the construction defined in 
[SV, 1.6]. To each element X G L we associate a hyperplane Hx such that Hx d X 
and such that for every H < Hx we have that H ^ X. Taking complete flags over 
L of the form -< ... -< X± -< X where Xi G Li and is such that Hx -/( X^ 
when X is an element of the flag and Xi -< X. The set of such flags of length I 
will be denoted by FL\. To every such flag X n _i -< ... -< Xi -< X G Fl n one 
can associate the n-form u> ao A ... A ^ a „_ 1 G A n , where is a defining equation for 
Hx i and u ai = dcti/cti. From construction is clear that our n-form is not trivial. 
We denote by B n the set of all n-forms obtained in this way. Following the same 
construction but now taking flags starting over elements X G L„_ r . In this case, let 
us denote the complete flags of length I < r by FL[ and by B r the set of all the 
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r-forms obtained from elements in FU r , that is, the forms that come from maximal 
complete flag constructed over elements of our intersection lattice of codimension r. 
One can see that FU r forms a neat base family for the lattice L(A). We have the 
following theorem due to A. Bjorner, see [Bj, Theorem 4.2] and [SV]. 

Theorem 3.12 (Bj) The set of B r forms a basis for A r . 

We would like to calculate a basis for ker(<fr : A n — > H n (U,C)). By theorem 



3.12| we know that the set of n&c-bases is a basis for A n . Let A = U^ n+r Hi C C n be 
an arrangement, £\ be the complex vector space generated by elements {en\H G A} 
and £j J be the Orlik-Solomon algebra. Let B C A a base but not an nbc, then 
B contains at least one broken circuit. Take H G A to be the least element in 
A with the property that there exists C C B such that C is a broken circuit and 
H = princ(C), i.e. H is the least element in A such that {H} U C is dependent. 
Let C denote the circuit CUH and B = B U H . 

Let J n = J ' fl £ n where J and £ n are as before. From the isomorphism (|23|), to 
give a basis for ker((p : A n — > H n (U,C)) is equivalent to give a basis for J n . We 
have the following proposition obtained together with V. Welker. 

Proposition 3.13 Let A = U 7 ^ n+r H i C C n &e an arrangement, £ the Orlik- 
Solomon algebra, then a basis for J n is given by elements of £ n of the form: 



i) es for B C A dependent and \ B 

ii) de^ for B a base but not an nbc. 



n. 



Proof: We have that 

\A n \ = |n6c-bases| + {| circuits | + | broken circuits)}. 

As the number of elements in (i) together with (ii) equal \A n \ — \nbc\, to show that 
they form a basis we only have to show that they generate ker(4>). We will prove 
this by induction by showing that, with help of the elements in (i) and (ii) one can 
write any element of A n as a linear combination of non broken circuits. Taking the 
lexicographic order on the elements of A n , induced by the order chosen for the set 
of hyperplanes, the induction will be taken on this order. 

As the first element of A n is already a non broken circuit so the statement is 
true for the base of induction. Let C = (Hi, . . . , H n ) be a base but not nbc. By 
inductions hypothesis we can assume that the statement is true for any base B < C. 
Let C = C U princ(C) as before, then 

princ(C) n 

de c= e c-{H %} + e c-{H t y (24) 

i=l i=princ(C) 



Every summand in the first sum of ( p4"| ) contains a circuit so they all are elements 
of i. For the second sum, the first element is C and the rest contain princ(C) so 
they have lexicographic order smaller than C. Applying our induction hypothesis 
we can write C as linear combination of circuits and n&c-bases. □ 
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Remark 3.14 One can obtain a basis for the graded ideal J of relations for the 
Orlik- Solomon Algebra by defining a basis for every level J r in a similar way as in 
proposition 3.1$ . 

Example 

Let A = Uf =0 .Hj be an arrangement in P 2 given by: 



H 


= z 


= 




#1 


= Zl 


= 




H 2 


= Zi 


= 




H 3 


= z 3 


:= z 


- Zi 


H 4 


= z A 


■■= z 


- z 2 


% 


= z 5 


■= Zl 


- z 2 









(25) 




Fig. 1 

Take Hq to be the hyperplane at infinity. On the affine complement of Hq we 
have the following arrangement. 



(26) 



Li 


= X\ 


= 




L 2 


= x 2 


= 




L 3 


= x 3 


:= Xi 


-1=0 


U 


= £4 


:= x 2 


-1=0 


L 5 


= x 5 


:= Xi 


- x 2 = 




We have that the set of circuits is 

C(A) = {(L 1 ,L 3 ),(L 2 ,L A ) : 

(Li, L 2 , L5), (L3, Li, L 5 )} 
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and are the only dependent subsets of A. The nbc's are 



nbc(A) = {(Li, L 2 ), (Li, L 4 ), (Li, L 5 ), (L 2 , L 3 ), (L 3 , L 4 ), (L 3 , L 5 )}- 

Clearly we have that the broken circuits are only {(L 2 , L 5 ), (L 4 , L 5 )} for which 
(Li) = princ(L<2, L 5 ) and (L 3 ) = princ(L^, L 5 ). 

Let £1 be freely generated by {e^L, e *4} and let £ be its exterior algebra. Let 
J7" the ideal of £ generated by des for S C A dependent. From proposition |3.13| we 
have that J n = J fl £ n is generated by 

Jn=< ei 3 ; e 24 ; <9ei 25 ; <9e 345 > 



=< e 13 ; e 24 ; e 12 - ei 5 + e 25 ; e 34 - e 35 + e 45 > . 



Under the natural identification of £\ with Qjj, where U = P 2 \*4, given by i— > 
the these relations gives place to the following relations of 2-forms 





dxidxs 
Xi x 3 









dx2dx4 
X2 X4 







dx\d,X2 

X\X 2 


dx\dx^ 

XlX 5 


+ 


dx2dx§ 
X2X 5 


dx^dxn 


dx-jdxs 


+ 


dx^dx^ 


X3X4 


X3X5 


X4X5 



(27) 

= 
= 0. 



these relations are linearly independent. 



By proposition 3.13 



4 The Gaufi-Manin Matrix 

Let A be an arrangement ofm = n + r + l hyperplanes in P n as taken in Section |2|. 
We consider the same situation as in Section but to make things easier we don't 
compactify the space of parameters. We have a family of arrangements in P n given 
by the projection 

7T : S x P n >S 

where S = ¥ nV \ Discr(A). Let D, U = S x P n \ D and uo G H°(U, %) be given as 
in Section § but restricted to S x P n . 

Let p : X — ^xP n be the blow up, as in (|lj) along C(D) = C(S x A + A n 
[S x P™]) taken in the same way as in Section [I]. As our space of parameters is taken 
as the non compactified space, we have that C(S x A + A n [S x P n ]) = C(S x A). 
We have the following remark. 



Remark 4.1 We have that C(D) = S x C(A) C D, i.e., the bad loci can only 
have at most codimension n. Letting ir' : Y — > P n be the standard resolution along 
elements of C(A) as described in Section |J ; one has X = S x Y . 
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We denote p*(D) by D. Let Q^^ilogD) be the coherent sheaf of 0^-modules 

of relative z-forms of X relative to S with logarithmic poles along D. Let u = p*u G 
H°(S x P n , (logD)). Then to is the differential form with residues along 

Y17=o hi z i — 0, di along Hi with a = YlT=i ~ a * ~ a h anc ^ where for every L G (A) 
the form u has residue a% along the exceptional divisor ez, = p~ x {S x L). 

We consider lifting of V to X given as the operator 

V = d re i + Co. 

Again, as d re iCo = 0, it gives a logarithmic de Rham complex 

— O r ^ /s (logD) . . . n£ /5 (log£) — 0. (28) 

The fcer(V : p*0% — > ^jc/s^°& ^ defines a relative local system V re i over the 
complement of D in X relative to S. 



From Proposition 2J3 we have that H l DR (X / S, D, V) are the cohomology sheaves 
of groups of the relative local system V re i when the residues of uj s along the compo- 
nents of p*(D) are not positive integers, see [Dl, II. 6]. 

Let A p C ^S^j/ S be generated over C s by 

dx-i- 1 dx{ i d re \x s . . , 11 
{Aj =1 -; A^ =1 A ^ G {l,...,m}}. 

We have the sub complex A' C 7r*f2^ s given by 

— > C s A 1 . . . A" — > 0. (29) 

For s G S, we consider the restriction V s of the connection to the fiber vr _1 (s) = 
sxP"' ~ P n . From Remark |4.1| the restriction p\ s of the blow up p to the fiber 7r _1 (s) 
is a resolution of the configuration A U H s C P n . We will denote p\*{n~ l (s)) and 
p|*(.AU H s ) as X\ s and Z) s respectively. Let A p s be the finite dimensional subspace 

of °(P« \ M U H s }, % nx{AuHs} ) generated by {^ =1 ^; A£} |A*f/ i, G 

{1, ...,m} and a^. < 2;^ if j < k}. We have the following complex: 

— >C^A]^A 2 S ^...^A^ — ► 0. (30) 



By Lemma 1.4 we have that H P (X\ S} VL\, (log -D| s )) = for p > 0. This implies 

■X- \s 

that the cohomology of the de Rham complex (f2*-> (logD\ s ), V s ) is given by the 

complex A*. Moreover, if we assume that a i: a h and 52iej a i f° r an ^ ^ (S x A) are 
not in Z one has that this cohomology is equal to the cohomology of the local system 
defined by ker(V s ), see [Dl, II. 6]. We know, from [ESV], that the cohomology of 
this local system is concentrated in degree n, see Theorem [L^. We have the following 
theorem: 
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Theorem 4.2 Let S x P n , S and n : S x P n — ► S as before. Then, if ai $ Z /or 
z G {0, m, /i} a = — X^li a « ~ a ^ an d Sie/ £ a * ^ ^ ^ or et,e n/ L & £, then 
we have that W(tt o p)^'^.^ s (\ogD) = /or p^n and A p = (7r o p)*fi^ (log-D). 

Proof: For f2^(log-D) we define the function /i p on S 1 as 

W(«,^ /s (logD)) = dim^(XU^ /s (lo gj D)| s ) 

where , 5 (log.D)| s is just the restriction to the fiber vr _1 (s) = s x P n . As from 
Remark |4.1| we have that (logjD)L = (logi)L), from Lemma [O we have 
that H p (X,n%. (\ogD\ s )) = 0, for p > 0. This implies that for p > h p is the 

-X \s 

constant function with value zero. As S is the complement of the discriminant, 
from Theorem |3.12| we have that h° is constant equal to |n6c(^4)|. We conclude that 
h p is constant for every p. 

As 7i o p is projective and h p is constant, from [Ha, III, 12.9], we have that for 
every s G S the natural map 

R p (nop)^'L /s (\ogD)®k(s) -^H p (X\ 3 ,£l% /s (\ogD)\ 3 ) (31) 



where k(s) is the residue field over s, is an isomorphism for every p. By Lemma [L4 
we have H P (X \ s , Q 9 ^^ s (\og D)\ s ) = for p > which from (|3l| ) implies that 

R p (7rop),^ /5 (lo gj D) = (32) 

for p > 0. 

For p = we have that H°(X | s ,f^ (logl))| s ) has constant dimension equal 
to dimA p for every s G S. Thus by base change and [Ha, III, 12.9] the inclusion 

A p <^-> 7r*tt p s x pn ,g {\ogD) 

is an isomorphism. 

From the spectral sequence 

E™ = R p (n o p),^ /5 (logL>) R p +V o p),^ /5 (lo gj D) 
and fl32|) we have that 

RP(7rop),r2V /s (lo gJ D) = 

fcer((7r o p).fiJ /fl (log D) ^ (vr o p)^(log£>)) ( 33 ) 
zm((7rop),^- / 1 5 (log J D) M (7rop)^ /5 (logD)). 

As rf re ; = on (?r o p)*Q*^ (log-D), the differential d re z + uj = uj and W(n o 
p)*f2^ .^(logZ)) is coherent. 
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If we denote the maximal ideal of Os, s as Ai s , from (|33|), one can show that one 
has the base change formula 

R p (tt o p),((tt o p)*M s ® n\ /s (\ogD)) =M S ® R p (tt o P )^ /s {\ogD). (34) 

We have the following exact sequence 

— > (tt o pfM s ® ^ /5 (log D) — > 

(35) 

n^ /s (io g D) — n^ /s (iogD)| s — o. 

For the long exact sequence of cohomology, from Theorem O , we have that for 
p ^ n 

R p (7rop),(^ /5 (lo gj D)y =0. 
Applying projection formula ( |34"|) gives the following surjection 

M s ® R p (vr o P ),n\ /s (\ogD) — > R p (vr o p),0^ /5 (lo gj D) — > 

for p n. By Nakayama's lemma gives 

R p (7rop)^ /s (logL>) = 

for p ^ n. 

For p = n, by ([53]) we have that R"(7r o p)*f2^. (log.D) = A n /u}A n ~ 1 is a coher- 
ent Os-module. □ 



Remark 4.3 The sheaf of O s-modules R n (7r o p)^ft*^ (log D) is free over Os- 



Let A' P C A p be the subalgebra generated by {f\ P j=1 ~~ L I H {1; m ) an d x «, < 

Xj fc if j < A;}. On every fiber we have the arrangement AUH S , where H s is defined by 
Xs ■= l + ^ =1 kxi = withs = (l,lx,...,l n ) E S C P nV . As for every / G £(^UiJ s ), 
where £ is as in definition we have that I (jL H s which from Proposition |3.13| 
implies that 

dx s . ,p-i 

(36) 



a* = a' 1 ; © — — A AT 

Xa 



(37) 



From claim |L~8| we have that A p s generates H P (X\ S , fi^. (log£))| s ). As a consequence 
of Theorem |4.2| , from (31) we can extend the decomposition (|36|) to global sections 
as 

A p = A' P © — ^ A . 
Applying the Euler characteristic to the sequence 

— > A — > A 1 — > . . . — > A™ — > R"(tt o p),0^ /s (lo gj D) 
we have proved the following corollary. 
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Corollary 4.4 Under the same assumptions as in Theorem [O we have that A' 



generates H u (tt o p)*Q'~ (logD) where A' n C A n is generated by {A^ =1 — — 



{1, m}} for which from Theorem \3.13j the set nbc(A) forms a basis. 



Remark 4.5 When the arrangement A has normal crossings the sheaf of Os- 
modules R n 7r*f2g x pn/g (log I?) is free of rank (™) overOs with basis {Aj=i IT 1 I H e 
{1, . . . , n + r} and ij < z& when j < k}. 

As under the hypothesis of Theorem |4.2| , the cohomology of the complex Q^. log(D) 
is concentrated in degree n, the GauB-Manin connection is given as 

V : R n (7rop),^ /5 (log J D) — >Q 1 s ®R n (7rop),Q' t/s (logD). (38) 

Remark 4.6 The order on the set of hyperplanes induces an order "<" on the 
elements of A 1 . This order induces an order on the basis of Corollary \4-4\ for 
R n (7r o p) *Q'~ (log D) , where we say that AL, — — < A?-, — — when there is 

k E {1, . . . , n\ such that ^ < ^ and ^ = ^ for I < k. 

Xl k x ih X H x h 

The procedure to write matrix of the GauB-Manin connection with respect to the 
basis given in corollary is as follows: We take, as before, afhne coordinates for 
the complement of z = in P n /zq. We do the same for the complement 

of ho = in P n by taking = hi/ ho. We extend the relative differential form 
w to a global form Q, as in Section 0. We have that in affine coordinates Q = 
Yli=i a i~!r + ah ^xT wnere x i = 1 + + ••• + l n x n and where the differential is the 
absolute one. The procedure is the standard one, we take an element of the basis 
given in |4.4j , we apply to it the connection and write its image again in terms of this 
basis. With help of the basis of relations given in Proposition |3.13| one can write 
the image canonically back in terms of the basis. We have basically to cases. The 
first one is when, by taking an element of the basis [4.4|, the hyperplanes involved 



with this elements are given by the set of affine coordinates chosen. Under the order 
induced to the basis this is the first element of our basis. For the rest of the elements 
we suggest to make a change of basis for the affine coordinates. 



As the basis 4.4, for the GauB-Manin bundle, depends on the combinatorics of 



our arrangement we cannot give and explicit form for the matrix. Nevertheless, the 



basis nbc(A) and the basis of relations in Proposition |3.13| are given in a so precise 
way that, for any explicit example, with the method above, one can compute the 
matrix for the GauB-Manin connection. 



5 Example I 

In this section we give an example for the method given in the previous section. We 
take an arrangement of six lines in P 2 in general position. The discriminant in this 
case is Ceva's arrangement. This configuration has been deeply studied in [BHH]. 
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Let A = \J\ =Q H{ be the arrangement in P 2 given as: 




Fig. 3 



where we can take zq, zi, Z2 as a local frame for P 2 . In this case, the discriminant is 
given as Discr(A) = {h — 0, h\ — 0, h 2 — 0, h — hi — 0, h — h 2 = 0, h 2 — hi = 0}. 




(40) 



Fig. 4 

Let X = S x P 2 \ {A := h z + h x z x + h 2 z 2 
be a family of arrangements parametrized by S 
divisor S x A U {A n S x P 2 } by D. 



0} U {S x A} and 7T : X — > S 
P 2V \ Discr(A). We denote the 



We fix Hq as the hyperplane at infinity of the arrangement (|39|). Let a; £ 



+ a h^r where x i = z i/ z o 



//°(.Vx? 2 .Ol.^,(l ( ,g/;))l ) egiv<.i. a,.- , „ o 

and = hi/ ho and x; = hxi + Z2X2 + 1, and where the differential is taken as the 



relative differential along S, and where — is taken as in Remark |2.2| . We assume 
that di £" Z for i £ { 0, . . . , 3, h }, and that X^=o a « + a /i = 0- 



The operator V = 
0^O x 



d re i + cj defines the complex 



^xPV5 (1 ° gl)) 



°5xPVs( logI) ) 



0. 



Let V be the relative local system defined as the sheaf of flat sections of V. Under 
the above assumptions on u, from IO we have that the co homology 



H\X/S, V) = RV,^ x p2/s (log D) = 



(41) 
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for i = 0,1. 

For % = 2 we have 



H 2 (X/S, V) = R 2 ir^ s x p2/5 (log D) = 

(42) 

sr\ dx\l\dx 2 rr\ (n dxiAdx$ ^ (r\ dx 2 Adxg 

S XlX2 $ XlX 3 W S X 2 X 3 

We can now extend uo to 

cfej dzh 

11= } a,i h a h 

~ Zi z h 

where the differential is no longer the relative differential. We have the operator 
V = d + Q which, when using affine coordinates namely on the complement of 
z = and h = 0, takes the form 

— \ ^ dxi dxi 
v=d+y cii h a h — . 

^ Xi Xi 

i=i 

The GauB-Manin connection is then obtained with help of the canonical filtration 
applied to the de Rham complex (ft'a x p n (logD), V) and is given as 

V : H 2 (X/S, V) — ► H 2 (X/S, V) <g> Q} s {\og{Discr{A))). 
With respect to the basis (^) one can represent this connection by the matrix 

/ —n \ dhi _ dhp i \ 

/ U1 l hi h J __ \dh 2 d{h -h 2 ) i rdh t d(fe -fei) -i \ 

_„„r#2_d/iol " 2 ^/i 2 ho-hs J ^ hi ho-hi J 
" 2 i h 2 ho i 



dhp ] 
h J 



r d(hi-h 2 ) _ d(h -h 2 ) i 

~ U H hi-h 2 h -h 2 J 

•H h 2 ho—h 2 -I 



■djhi—hj) _ djhp — 



h\—h 2 



ho-hi 



_ r d(hi-h 2 ) _ d(ho— 
r rf(fei-fe 2 ) _ d(feo-fc 2 ) i a 2l 7n-7i 2 /ip-fci J 

I /ii-fej ^0-^2 J _ r dfei _ rf(foo-fci) i 

(43) 

We would now like to calculate the monodromy of the GauB-Manin connection 
along different elements of the fundamental group of S. 
For Hi G Discr(A) we have the residue map along Hi 

Res Hi (V) : H 2 (X/S,V) — ► H 2 (X/ S,V)®Q} s (\ogDiscr(A)) — ► H 2 (X/S, V)®0 Hi 

and defined in the usual way, see [Dl, II.3.7]. 

Fix a base point p G S and let 7, G ^(S 1 , p) be a loop around Hi G -Discr(.4) 
with base point p. 



dho] 
h J 
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Let 

T % = exp(-27ri- J Res Hi (V)). (44) 

If we suppose that aj + cij ^ Z \ {0} for 1 < z < j < 3 then, by [Dl, II. 5. 6], 
the monodromy transformation M p when we go around Hi along 7, is given by a 
conjugacy class of Tj. 

The monodromy around i/i : /ii = is given as follows. 

Let Ah 1 be the residue matrix of the connection along H\. From ( [43]) we have 
that 

— a\ a\ 

A Hl =Res Hl (V) 
We have that for n > 1 

A n Hl = {-a x - az) n - l A Hl . 

One can see that (—ai — a 3 ) is the trace of the matrix which is an eigenvalue. 
We have that = tr(AH 1 ) n ^ 1 AH 1 where tr is the trace of the matrix. If ai + a 3 
Z\{0} from ( f4"4"D we have then that the monodromy transform is given by a conjugacy 
class of 

— Ql Q Ql 

T 1 = I + (exp(-2m • {-a x - a 3 )) - 1) • | 





(-ai-a 3 ) (-ai-a 3 ) 

This is 

M p ( 7l ) = / + (exp(-27rz • tr(A Hl )) - l)tr(A Hl )- 1 ■ aA Hx or\ 
For H 2 : h 2 = we have the following. 

Let Ah 2 be the residue matrix of the connection along H 2 . From ( f43"D we have 
that 

-a 2 — a 2 

A H2 = Res H2 ( V) = I -a 3 -a 3 





We have that for n > 1 



^ = (-02-03)""%*,. 

Again we have that A\ 2 = tr{AH 2 ) n ~ l An 2 where tr is the trace and an eigenvalue 
of the matrix Ah 2 - If a 2 + ^3 ^ Z\ {0}, from ( 44]) we have then that the monodromy 
transform is given by a conjugacy class of 

T 2 = I+ (exp(-27rz • tr(Aif 2 )) - l)*r(A^ 3 ) _1 • A H2 . 

We calculate now the monodromy around Hq : /iq = 0. 
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As before let Ah be the residue matrix of the connection along Ho- From ( f43| ) 
we have that 

_ / a x + a 2 \ 
A Ho = Res Ho (V) = a 3 0. 

V -as 0/ 

We have that for n > 1 

A n Ho = + a 2 ) n ~ 1 A Ho . 

Again we see that = tr(AH ) n ~ l Ah where tr is the trace and an eigenvalue of 
the matrix Aff . If a\ + a 2 1* \ {0}, from fl44|) we have then that the monodromy 
transform is given as a conjugacy class of 

T = I+ (exp(-27u • tr(A Ho )) - l)tr(A H A~ l ■ A Ho . 

The monodromy around if 3 : ho — hi = is given as follows. 
Let Ah 3 be the residue matrix of the connection along i? 3 . From ([43]) we have 
that 

/ -si \ 

A Hz = Res H . 3 (V) =00 ai 

\ a 2 + a 3 / 

For n > 1 we have that 

Al^^ + a^A^. 

One can see that (a 2 + a 3 ) is the trace and an eigenvalue of the matrix Ah 3 - We 
have again that A\^ = tr(AH 3 ) n ~ l Ah 3 where tr is the trace of the matrix. If 
a i + &3 ^ Z \ {0}, from (|44]) we have then that the monodromy transform is given 
as a conjugacy class of 

T 3 = I + (exp(-2™ ■ tr(A Ha )) - l)tr(A^)- 1 ■ A Ha . 

Around H4 : ho — h 2 = the monodromy is given as follows. 
Let Ah a be the residue matrix of the connection along H4. From ([43]) we have 
that 

_ / ° 2 \ 

Ah 4 = Res Hi (V) = ai + a 3 . 

V a 2 / 

We have that for n > 1 

^^(ax + as)"- 1 ^. 

One can see again that (ai + a 3 ) is the trace and an eigenvalue of the matrix Ajj i - 
We have that A^ 4 = tr{Au^) n ~ l Ah a where tr is the trace of the matrix. If a\ + 
a 3 ^ Z \ {0}, from (B3j) we have then that the monodromy transform is given as a 
conjugacy class of 

T 4 = I + (exp(-27u ■ tr(^J) - l)tr{A H4 )- 1 • A Hi . 
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The monodromy around H§ : h 2 — h\ = is given as follows. 
Let Ah 5 be the residue matrix of the connection along H 5 . From (f43j) we have 
that 

_ / \ 

A Hs = Res H5 (V) = I -a x -a x . 

\ -a 2 -a 2 J 

We have that for n > 1 

^ = (-01-02)""%^. 

One can see that (—(21—02) is the trace and an eigenvalue of the matrix Ah 5 - We have 
that A\ h = tr(AH 5 ) n ~ 1 AH 5 where tr is the trace of the matrix. If a\ + a 2 ^ Z \ {0}, 
from ([44]) we have then that the monodromy transform is given as a conjugacy class 
of 

T 5 = I + (exp(-2vu • tr(A H5 )) - l)tr(A H A~ l ■ A Hb . 



6 Ceva's Configuration 

Let A = Uf =0 -ffi be an arrangement in P 2 given as: 



#0 


= 


= 






Hi 


= 21 


= 






#2 


= 21 


= 






#3 


= z 3 


:= z 


- Zi 


= 


#4 


= z 4 


■■= z 


- z 2 


= 


#5 


= z 5 


■= Zi 


- z 2 


= 













(45) 




0, h + hi = 0, hi + h 2 



The discriminant is Discr(A) = 
0, h + h 2 = 0, ho + hi + h 2 = 0}. 

Let X = S x P 2 \ {A := h z + h x zi + M2 
be a family of arrangements parametrized by S 
divisor (Sxi)U(An(Sx P 2 )} as D. 

Let p : X — > S 1 x P 2 be the blow up along the elements of C(D) as in (|16|), see 
remark O. Let D = p*(D). 



0} U {S x „4} and Tr : X — > S 
P 2V \ Dzscr(^t). We denote the 
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Let Hq be the hyperplane at infinity of the projective arrangement (f4"5|). The 
affine arrangement on the complement of Hq is given then by the equations {x\ = 
0, x 2 = 0, x 3 := xi - 1 = 0, x 4 := x 2 - 1 = 0, x 5 := xi - x 2 = 0}. Let U = S x P 2 \ D. 
Let u G H Q (U,Vt]j) be given as u = Y^=i a i^~~ + ^^f 1 where X; = Zi/z and 



^ = hi/ ho and = l\X\ + /2X2 + 1- and where relXi is taken as in remark |2.2| and 



where the differential is taken as the relative differential along S. We assume that 
Y^i=o a i + a h — 0, a-i ^ Z for i G { 0, . . . , 5, h } and ^2 i€ j L Q>i Z for L G £(^4). Let 
£ G H°(X, f^(log-D)) be given as u) = p*cu. 

Again as in section | we have that the operator V = d rd + Cj defines the complex 

— 0* — fii(logD) — 4 /5 (logD) — 0. 



From Theorem [4.2| and [Dl, II. 6] we have that the cohomology of the local system 



(47) 



V obtained as the flat sections of V is 

H\X/S, V) = RV,fi£ /s (logD) = (46) 

for i — 0, 1. 

For i = 2 we have from corollary 

H 2 (X/S,V) = R 2 7r^ /5 (lo gj D) = 

sr\ dxiAd,X2 (j\ /n dx\Adx4 ^ sr\ dx\Adx?> ^ sr\ dx2 Adx$ ^ (r\ dx^Adx^ ^ (r\ dx^Adx^ 
S X1X2 S X1X4 W S XiX 5 W S X2X3 W S X3X4 W S X3X5 

We have the basis of relations of elements of A 2 given in ([27]) . 
Let Q G H°(U, %) be given by 

dxi dxi 
U = } ^ h a h — 

~[ x i x i 

where the differential is no longer the relative differential and where Xi = Zi/zo, 



h = Kl ho, xi = 1 + hxi + l 2 x 2 and dxi/xi is taken as in remark pT2| . We extend 
Q to X to an element Q G H°(X,Q^(logD)) as Q = p*Q. We have the operator 
V = d + Q. We have the Gaufi-Manin connection 

V : H 2 (X/S, V) — > H 2 (X/S, V) ® O s . 
To write matrix of the GauB-Manin connection with respect to the basis (|47|) we 



apply the relations 27. The matrix is given as follows. 
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The first column is 



-ax 



\ dh 2 dhp 
«4["T- — 



ho 



«3[^-ff] 



dho] \ 
h J 



The second column is 



d(hp+h 2 ) -i 
(h +h 2 ) J 



d{hp+h 2 ) i _ rdh2 _ d(hp+h 2 ) i 
(h +h 2 )\ a ^h 2 (h +h 2 )\ 



\ dh 2 _ d(hp+h 2 ) i 
~" 5 U 2 (h +h 2 )\ 



;-a s -a 5 )[^- 



(h +h 2 ) 



(h +h 2 ) 



The third column is 



a 2 [ 



d(fn+h 2 ) _ dh 2 l 
hi-\-h 2 h 2 ^ 



-04 



dh 2 dho 1 



fe 2 



(-«l-« 2 )[tS? 



a 4 [ d(fcl+fe2) 



h\+h 2 



dhp 1 



\ 



The fourth column is 
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(-o 5 [ 



dhi _ d(hp+hi) I 



d(ftp+fel) i _ rdftg. _ rf(fep+fei) l 
r <ih2 d(fep+fci) i 
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The fifth column is 



\ 



\ dh 2 _ d{h +hi+h 2 ) i 
" 2 L h 2 h +hi+h 2 J 

-«3-a 5 )[^-^^]-a 4 [^- 



V 



The sixth column is 



a 2 



■d(h 1 +h 2 ) _ d(h +h 1 +h 2 )i 



d(h +hi+h 2 ) i 
ho+hi+h 2 J 



h 1 +h 2 



h +h 1 +h 2 



n — n \\ d ( h i+ h 2) _ d(h +hi+h 2 ) -\ 

■«i «2n hl+h2 ho+hl+h2 j 



a 2 



d/t2 d(ho+hi+h 2 )) 



h 2 



ho+hi+h 2 



CZ4 



d(hi+h 2 ) dh 2 1 



hi+h 2 



h 2 J 



/_ _ \ r rf(fei+fe 2 ) _ d(ho+hi+h,2) -\ _ idM _ d(,fao+fti+ft2j 1 
\ I «3 «4j[ ho+hl+fl2 J «5[^ 2 feo+fej+fta J / 



dh 2 d{ho+hi+h 2 )-\ 
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